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Abstract 

QED in two-dimensional Minkowski space contains a single physical state as seen 
either by an inertial observer or by a constantly accelerating Rindler observer. How¬ 
ever in Feynman gauge if one takes a generic representative of the physical Minkowski 
state and traces over all left Rindler states, one does not arrive at the physical right 
Rindler state, but rather at a “density matrix” with negative eigenvalues for negative 
norm states corresponding intuitively to the radiation of uncorrelated temporal pho¬ 
tons and ghosts. This reflects the fact that states that are exact under the Minkowski 
BRST operator are not necessarily exact or even closed under the Rindler BRST 
operator. Such situations are avoided when there are quantum corrections to the 
Hamiltonian that eliminate the horizons, which yield Mathurian fuzzball solutions. 
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1 Introduction 


1.1 Philosophical Rambling on the Motivation for this Note 

This subsection is devoid of content, the reader may begin with Subsection II. 2[ 

Einstein’s theory of gravity is nonrenormalizable pm This means that the 
cancellation of all divergences requires the introduction of an infinite number of inde¬ 
pendent counterterms, whose coefficients must then be measured. An infinite set of 
measurements is not possible, and so the only hope of determining the coefficients in 
finite time is to hypothesize a property that they all satisfy and then test this prop¬ 
erty. For example imposing Lorentz invariance upon the standard model has reduced 
the number of measurable parameters down to about 30, which aside from some neu¬ 
trino mass matrix elements and the Higgs mass have been measured quite well. Of 
course the standard model suffers from a Landau pole and a Higgs mass divergence, 
whose cures tend to lead people to the MSSM which has over 100 parameters (far 
more than one can hope to measure in the next generation of experiments), again 
leading to the need to guess a principle. 

There are two promising candidates for principles in the literature. One is that 
our universe is the target space of a two-dimensional conformal field theory (OFT). 
If the OFT is invariant under target space diffeomorphisms then one appears to 
generally arrive at spacetime equations of motion that consist of Einstein’s equation 
plus an infinite series of corrections which are the counterterms that cancel the UV 
divergences. This principle is not sufficient to completely determine the coefficients, 
instead there is a set of counterterms for each CFT up to dualities, ft is also not 
minimal in that in addition to supplying the necessary infinite set of couplings it also 
leads to an infinite tower of massive excitations. However it supplies some examples 
of quantum gravity theories with such high degrees of symmetries that otherwise 
unapproachable problems may be attacked, for example one can try to determine 
whether a black hole’s horizon survives quantum corrections on Mm ei maun 
mmm- Whether or not our universe is the target space of a CFT, this class of 
theories is useful in that one may find general features of quantum gravity theories 
or at the very least test proposed quantum gravity no-go theorems. 
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In this note we will investigate a second candidate principle, proposed by’t Hooft 
pH US HUGE], in which one attempts to find the restrictions on a quantum gravity 
theory imposed by unitarity in a background with horizons. This principle will be 
used in the following form: 

Principle The universe as seen by any observer obeys the usual laws of quantum 
mechanics. In particular the Hilbert space is positive definite. 

It is possible that this proposed principle places no constraint on the quantum 
completion of Einstein gravity. For example it may be that all quantum completions 
of the relevant quantum gravity theories are holographic duals of unitary field theories 
and so must themselves be unitary. However there are many different observers, at 
least as many as there are trajectories, and so it is also possible that this principle 
places an infinite number of constraints on the coefficients of the counterterms, maybe 
even enough to determine them. At any rate, a stronger version of this principle is 
available which imposes that the various quantum theories are actually equivalent 
[T9l [20l [21], In the present note we will not be so ambitious. Instead we will try 
to understand one of the simplest possible situations in which this principle may be 
nontrivial. 

1.2 The Problem and Five Possible Cures 

We will consider QED in two-dimensional Minkowski space, a topological theory with 
a single physical state for any given observer. The extension to QED in a larger num¬ 
ber of dimensions is trivial, one need only add the corresponding transverse oscillator 
modes which will commute with all of the two-dimensional oscillators. The resulting 
Hilbert space factorizes into the 2d space discussed below, which contains a single 
physical state, tensored with the transverse excitations which are all physical. Thus 
one need only replace the vacuum state in the following formulas with an arbitrary 
transverse excitation, and the arguments below will follow for each transverse excita¬ 
tion independently. 

We will argue that a representative of the physical state observed by an inertial 
observer does not always correspond to the physical state of a uniformly accelerating 
Rindler observer. This is manifested in the fact that, using Feynman gauge in which 
the unphysical temporal polarization of the photon and the ghosts are free scalars, the 
most naive extension of the Unruh effect [ 23 J predicts that the accelerating observer 
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in the physical Minkowski vacuum will see a thermal spectrum of every excitation. 
In particular the density matrix, which is not really a density matrix as it contains 
negative eigenvalues, will include negative norm states with odd numbers of photons 
with time-like polarization. These will not be canceled in generic entries of the density 
matrix by ghosts, as the distributions of ghosts and temporal photons are thermal 
and uncorrelated. 

We will trace this apparent pathology to the fact that many representatives of 
the physical Minkowski state, which are all killed by the BRST charge integrated 
over a Cauchy surface, are not killed by the BRST charge integrated over a spatial 
slice of the Rindler wedge. There is however one representative, which as always 
differs from the others by a BRST exact state, that is also killed on each wedge by 
the BRST charge and so its trace is the physical Rindler state. This dependence 
on the chosen representative is possible because the Rindler and Minkowski BRST 
operators are different, the Minkowski BRST operator is the sum of the two Rindler 
operators. Thus two Minkowski states which represent the same Minkowski BRST 
cohomology class do not necessarily trace to two Rindler states in the same Rindler 
BRST cohomology class. 

There are at least five ways out of this situation. First, one can drop the principle. 
After all, we have no convincing argument that there should be a consistent quantum 
theory for the Rindler observer, nor that his states should be obtained by a trace. 
One might also dismiss this problem as it rests upon the choice of the Feynman gauge, 
however if there is no gauge anomaly the theory should be consistent in any gauge. 
On the other hand, the incompatibility of the physical state conditions may indicate 
an inability to enforce the gauge invariances of the Minkowski and Rindler observers 
simultaneously. 

Second one may decide that the Rindler observer is unphysical. After all the 
observer needs to accelerate forever in order to stay out of contact with the left 
Rindler wedge. If at some point he finishes accelerating then he will reach timelike 
infinity and will be in the forward lightcone of every event. The observer can only 
accelerate forever if a force acts upon him forever, which will require an infinite 
amount of energy from the viewpoint of an inertial observer. If one includes the 
backreaction of this infinite energy on the geometry then one may conclude that the 
Minkowski space approximation is invalid, and so in the presence of backreaction this 
story would be radically changed. 
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Third, one could start with the Minkowski vacuum, which could be rewritten as 
an excitation of the tensor product of the right and left Rindler wedge vacua and then 
only trace over states in the left wedge for which the BRST charge in the left wedge 
vanishes. This would leave the Rindler vacuum on the right wedge. However we have 
no physical justification for such a selective trace. After all many representatives 
of the Minkowski vacuum do not satisfy the Rindler physicality conditions and yet 
represent a legitimate physical state. One may suspect that in an interacting theory 
such a projection onto the Rindler-physical spectrum would be illegal as the removed 
states would not decouple from an observable such as the S-matrix. For example 
such a projection may lead one to miss the —26 R contribution to the stress tensor 
of Hawking radiation emitted by a 2-dimensional black hole [22] , Of course there 
is no guarantee that the negative-normed states will decouple once the horizon is 
eliminated, although there will be no thermal Hawking radiation. 

Fourth, one can mandate that the trace is only to be performed upon a preferred 
representative of the Minkowski physical state whose BRST charge vanishes sepa¬ 
rately on the interior and exterior of the horizon. In other words, one may conclude 
that only certain gauges are suitable for performing the trace and Minkowski gauge 
transformations which take one out of this set of gauges are anomalous from the 
viewpoint of the Rindler observer. We cannot show that such a representative exists 
in more general systems, but in the example at hand we will show that such a repre¬ 
sentative does exist and so this modification of the prescription is allowed. Again in 
the case of the 2d black hole without 26 matter fields the negative Hawking radiation 
may imply that there is no such representative, as no gauge transform in the total 
spacetime can change the stress tensor. Thus the existence of the representative may, 
as desired, place a restriction on the theories considered. Notice however that the 
choice of a preferred representative appears to be in conflict with gauge invariance 
as the consistency of the Rindler observer’s theory restricts the possible Minkowski 
gauge transformations. 

At least in the example at hand, the preferred representative prescription is oper¬ 
ationally equivalent to the selective trace prescription. After all the rationale for only 
tracing over states that are physical behind the horizon is that the state behind the 
horizon should in some sense really be physical. In effect one has imposed that the 
wave function behind the horizon is annihilated by the BRST operator behind the 
horizon, but only the preferred representative wave function has this property. The 
ordinary trace of the preferred representative equals the selective trace of an arbitrary 
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representative. 

The final way out is to say that geometries with horizons, while they are solutions 
to the classical equations of motion, are not solutions to the full quantum-corrected 
equations of motion. This would be an extension of the Callan, Giddings, Harvey and 
Strominger proposal that black holes evaporate before they can form [lj. In string 
theory this would be a generalization of Mathur’s conjecture |7j. In two-dimensional 
black holes there also appears to be some support for such a conjecture. In Ref. [3] 
Witten has found that for a black hole described by an exactly solvable CFT, albeit 
in an approximation, the minimum radius that an infalling shell of spherical matter 
may reach is greater than the Schwarzschild radius. The motivation for the present 
work came from Ref. [23J in which Strominger presents evidence that the stress tensor 
of matter is precisely canceled by a quantum correction as the matter approaches the 
event horizon. There the author removes the stress-energy contribution of the ghosts 
by hand by adding a counterterm. No such counterterm will be included in the present 
note. 

Following a suggestion of D. Anselmi and M. Henneaux, in Section[2]we will review 
the construction of the BRST operator in Minkowski space, which is the integral of a 
local function. It may be written as the sum of the BRST operators on the two Rindler 
wedges, which correspond to the integral of the local function over the two Rindler 
halves of a Cauchy surface. Next in Section[3]we will show that a representative of the 
Minkowski vacuum is annihilated by the Minkowski BRST charge but not by either 
of its Rindler summands, which instead annihilate the Rindler vacuum. We will write 
the Minkowski vacuum as a sum of tensor products of left and right Rindler states 
and then trace out the left ones to reproduce what the accelerating observer might 
see and we will find that he sees dead people, as well as nongauge-invariant, negative- 
normed, time-like polarized photons. Of course, as noted above, a trace over only 
left-physical states would eliminate the pathology. Finally in Sec. [4] we note that such 
problems also go away if one eliminates horizons, as does, for example, the horizon 
problem. While inflation provides a temporary solution to the horizon problem^] the 
lack of horizons would provide a permanent, albeit far-fetched solution. We note that 
quantum corrections that eliminate horizons also tend to preserve neither Lorentz- 
invariance nor general covariance, but who does? 

2 That is, if we use inflation to solve the horizon problem then someday we will see CMB from 
matter that was never in causal contact and it may have a strange temperature profile. 
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2 The BRST Operators 


2.1 A Review of the Minkowski BRST Charge 

We will be interested in 2-dimensional QED in Minkowski space, which is described 
by the action 

S — — j dxdt ((<9 0 Mi) 2 — 2doAidiA 0 + (<9iA)) 2 ) (2-1) 

where A M is the photon field. The action is independent of the time derivative of A 0 
and so Aq is not a dynamical field, as its equation of motion allows it to be obtained on 
a given time slice from only the boundary conditions on the timeslice and derivatives 
of A 1 . The action (12.11) enjoys a gauge invariance A^ i—> A^ + d^X which can be used 
to cancel the A 1 degree of freedom, for example by choosing the axial gauge Ai = 0, 
and so the gauge-fixed equations of motion yield no dynamical degrees of freedom. 
In the quantum theory this is reflected, as we will review in Sec. El in the existence 
of a unique physical state. 

The action (12.lj) is not suitable for a path-integral formulation of the theory be¬ 
cause the kinetic term is not invertible and so the propagator is not defined. To 
produce a suitable action we will add a gauge-dependent term, which will introduce 
an undesirable determinant factor in the path integral which we will cancel via the 
addition of ghosts. Our choice of gauge will not affect the physics so long as we 
restrict our attention to gauge-invariant states, which will be the case if we consider 
only BRST-closed states. However we will argue that some Minkowski gauge choices 
lead to nonphysical Rindler states. Thus our choice of gauge may affect the physics 
of those observers, for example by immersing them in a thermal bath of unphysical 
particles. Of course we do not want to argue that one can really observe either the 
gauge choice or the unphysical particles, but rather the goal is to argue that there is 
a problem with our naive adaptation of a standard formalism to gauge fields. 

We will choose the Feynman gauge, in which A 0 and Ai are free scalars whose 
contributions to the path integral are precisely canceled by the ghost c and antighost 
c, which are also free scalars, 

S — J dxdt (— ^d^Aod^Ao + ^d^Aid^Ai — <9 /J c<9 /t c) (2.2) 

because the ghost and antighost have fermionic statistics. As the contributions to 
the path integral measure of all of the fields cancel, the measure is just one, leading 
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to an effective action which is zero. Thus it seems implausible that any observer will 
observe any kind of excitation in this theory, since the path integral is trivial and 
would be unchanged if all of the fields were removed. In fact a simpler example that 
could have been used in this note instead of QED is a pair of free bosons with opposite 
statistics, which also yields a trivial path integral. 

The classical equations of motion for the various fields may be obtained by varying 
the action (12.21) . One finds the Klcin-Gordon equation for all four scalars, whose 
solutions may be Fourier decomposed into plane waves. The BRST operator will 
be constructed from the ghost field c and the longitudinal photon k^A^ where k M is 
the 2-momentum. In momentum space the Klein-Gordon equation becomes the mass 
shell condition \k 0 \ = |fcx|. If we define the frequency w = \k 0 \ then we may normalize 
the longitudinal photon as follows 


k 

A = Aq -\ — Ai, k = k 1 , w = \k°\ > 0. 

oj 

We may now decompose the ghost and longitudinal photon 


(2,3) 


A(x,t ) = 
c(x,t ) = 


dk 


V47tu; 

dk 




ikx—iujt _|_ ikx-\-iujt\ 


a/47to; 


(c k e 


ikx—iujt . f — ikx+iujt\ 
C k e ) 


(2.4) 


The coefficients a*,, a) kl c k and c\ can be used to construct the Minkowski space 
BRST operator 

Qm = J dk[c[a k + c k a[\ (2.5) 

which may be written as an integral over a Cauchy surface of a local charge density p 

r°° d d 

Qm= dxp(x,t), p{x,t) = c(x,t) A(x,t). (2.6) 


Ghostnumber zero states which are annihilated by Qm will automatically be gauge 
invariant, or more precisely will be invariant under positive-frequency gauge transfor¬ 
mations as one sees explicitly in the Gupta-Blculer quantization of electrodynamics. 
Had we used Gupta-Blculer instead of BRST we would have found that the Minkowski 
and Rindler states are invariant under different sets of gauge transformations. 

Unruh has argued [23] that positive-frequency corresponds to holomorphic in our 
flat two-dimensional example. This led him to the conclusion that one may substitute 
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the plane wave basis with any holomorphic basis of Klein-Gordon solutions in the 
definition of the vacuum state. While he was discussing theories of free scalars, 
the same argument applies here. One may replace the BRST operator in Eq. (12.51) 
with another in which the plane wave decomposition has been replaced with another 
holomorphic decomposition and the coefficients of the two terms are arbitrary and 
one will find the same BRST cohomology representing the same physical states. We 
will find that it will be computationally easier to work with a different decomposition 
in the following subsection. 

2.2 A Quick Review of Rindler Space 

In general relativity there are always observers, even in Minkowski space, who do 
not ever have access to the entire spacetime because they accelerate sufficiently to 
never enter the forward (backward) lightcones of some events. The boundary of the 
events whose forward (backward) lightcones are intersected by a particular trajectory 
is a future (past) horizon of the observer following that trajectory. In particular an 
observer in 2d Minkowski space who experiences a constant proper acceleration for 
all time will have a past and a future horizon, which partition the spacetime into 
four quadrants F, P, L and R. We will choose the origin such that these regions are 
defined by t > |a;|, £ < — \x\, x < — \t\ and x > \t\ respectively. While no single region 
contains a Cauchy surface, the union of the left and right regions L and R plus the 
origin does contain many Cauchy surfaces, for example t = 0. States correspond to 
wave functions on Cauchy surfaces, and so it will be possible to describe some states 
once we describe L and R. 

We will write the Minkowski metric with the sign convention 

ds 2 = dt 2 — dx 2 . (2.7) 

In the quadrant R, called the Rindler wedge or the right Rindler wedge, one may 
define the coordinates (£ R , g R ) via the transformations 

e a£ R e a£ R 

t = -sinh ar] R , x = -cosh ar] R , (2.8) 

a a 

where a is a dimensionful constant. An observer with constant proper acceleration 
g > 0 remains at a constant £ R coordinate 

R = ln(a/g ) 


a 


(2.9) 







We may define coordinates (£ L ,?7 L ) in the left Rindler wedge L using Eq. (12.81) but 
with the signs of both t and x reversed. 

In these new coordinates the metric is conformal to the Minkowski metric 


ds 2 = e 2a ^(drj 2 — d£ 2 ) 


( 2 . 10 ) 


and so the positive frequency plane waves will still be of the form e lk ^ R ~ lu, ‘ n and 
e ik£, L +iuTi L ' rjhe g jg n difference corresponds to the fact that r] L is monotonically de¬ 
creasing with respect to t. More generally, the usual correspondence between right- 
moving and positive frequency is reversed in the (£ L , r] L ) basis. No linear combination 
of these two plane waves is holomorphic at the origin, however the sum of the plane 
wave on one side and e -7m; / a times the conjugate planewave with negated wavenumber 
on the other side is everywhere holomorphic. 

There are then three useful momentum decompositions for a Klein-Gordon held 
A, one may decompose in the basis of Subsection 12.11 in terms of the (£, rj) plane 
waves with support in R and L, or in terms of the everywhere holomorphic linear 
combinations 

/ dk 

-j={a k e ikx -™ + ale- ikx+iu,t ) (2.11) 

f dk ,L c ik(. L +iuri L , a L t e ~ ik t L -iuri L i a R e ik t R ~ iujr l R a R ^ e -ik£ R +iu>ri R \ 

J k k k k 

= [ dk - 

J ^A'Kuj{e nuJ / a — e 1TU} / a ) 

+al(e^ +ikiL+iuijL + e ^r +ik Z R+i(JJ1,R ) + a k } {e^~ ik ^ R+iujr,R + e ^ L ~ ik t L+iu ’ r ’ L ) 
+ C $( e ^~ ik * L ~ iu ' r,L + e ^~ ik ^ R ~ iu,r,R )\ 


where the plane waves e lk t L + lur i L are dehned to be zero in the wedge R and similarly 
the other waves vanish in the wedge L. The ghost held c will also be decomposed 
as in (12.111) . Matching coefficients in the second and third expression one finds the 
Bogoliubov transforms 


7ro;/2a If i /2a n 2 

O LL_ | C- t 


CLl, — 


qTxuj ja Q—iTLoj a 


a ? = 


-,—TTU>/2a n ^\ _|_ g7raj/2a n l 


°-k 


q!TL ola Q—Tvuj/n 


( 2 . 12 ) 
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2.3 The BRST Charge in a Rindler Wedge 


In principle one could calculate the BRST charge operators Qr and Qr on the Rindler 
wedges L and R by integrating the quantity p from Eq. (12.611 over x < 0 and x > 0 
respectively. While this is not difficult, an alternate strategy is to guess a local BRST 
charge density that gives a simple answer for Qr and Qr in terms of the Rindler mode 
expansions above and then show that the sum Qr + Qr is a legitimate Minkowski 
space BRST operator, that is that Qr + Qr has the same cohomology as Qm or 
equivalently that it has the same form as in (12.511 in terms of holomorphic variables 
with arbitrary coefficients as described above. We will follow this alternate strategy 
so that the Rindler operators will be expressed as simply as possible. 

We will guess that the left and right wedge BRST charges are 

Ql = ~ J dk[c^a% + c^a L k \ Qr= f dk[c^a% + cfaf ]. (2.13) 

Note that these charges produce the usual physical spectrum in the two Rindler 
wedges. In particular there will be a single state in each wedge, the vacuum, which 
will be annihilated by all of the lowering operators in the (L, R) basis. The relative 
sign difference between the operators does not affect their cohomologies, but will 
affect the cohomology of their sum. Notice that, like Qm , the charges Qr and Qr 
can both be expressed as the integrals of local quantities. In fact the local quantity 
is defined identically to p in (12,6j) but using the basis (£,?/). 

Adding Q L and Qr we obtain a candidate Minkowski space BRST operator 

Ql + Qr = J dk[-c k ] a% - + c%a^} (2.14) 

= /- T~~ - -j-\—(e~™ /2a c 1 k + e™ l2a S){e~™ l2a a\ + e™ /2a al) 

_( e -™/2 a c d + e ««/2a^)( e -W2o a l ^ + e ™/2a a 2f) 

+(e-™ /2a c 2 _ k + e™ /2a $)(e-™ /2a a\ + e™ /2a a\) 

+(e-™ /2a c 2 \ + e nu)/2a cl)(e- nu;/2a a 2 _ k + e x “/ 2a af)] 

= I dk[+c k al + c\a^ - $a 2 k - c 2 k a k }]. 

As the (1,2) basis is holomorphic, the final equality in Eq. (j2. 14j) implies that Qr + 
Qr annihilates the same states as Qm and in fact provides the same physical state 
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condition. Thus we may start with Ql + Qr as the definition of our Minkowski 
BRST operator, which leads to p defined using d± r) instead of d t , whose integrals over 
negative and positive x give Ql and Qr respectively. 

Notice that neither set of Rindler coordinates covers any of the horizons, and 
that the Rindler plane waves are not continuous at the horizons using the Minkowski 
topology as the wavenumbers go to infinity in Minkowski coordinates. This means 
that Minkowski-continuous Rindler planewaves must vanish at the horizons, and so 
perhaps neither Ql nor Qr may be used to impose gauge invariance at the horizon. 
The horizon is an important point on each Cauchy surface, as all of the unphysical 
particle radiation entering the right Rindler wedge passes through the horizon. It 
is not so surprising that an observer who is unable to impose gauge invariance on a 
hypersurface is bombarded with nongauge-invariant radiation from that hypersurface. 

3 The States: It’s Always Halloween on the Rindler Wedge 
3.1 The Spectrum of QED in Minkowski Space 

The Minkowski observer may construct his Hilbert space as follows. The available 
momentum space operators are the Fourier modes of the photon polarizations Aq and 
Ai as well as the ghost c and the antighost c. Without loss of generality we will take 
k > 0 and define a longitudinal photon A and temporal photon B by 

A = Aq + A\, B = Aq. (3-1) 

The modes will be denoted a*,, b k , c k , c k , a]., b \., c' k , and c\. and satisfy the usual 
harmonic oscillator relations 

- [flfc, b U = ~[h, b{,} = -[c fc ,4']+ = [Cfc, 4']+ = 5 ( k - k ') (3- 2 ) 

where all other commutators are zero. Even [a k , < 4 ,,] vanishes because it is the sum of 
the commutators of the timelike and spacelike generators which differ by a sign. He 
begins with the vacuum state |0 )m, which is defined by the relations 

= b k |0)m = c k \0) m = Cfc|0)iu = 0. (3.3) 

The Hilbert space consists of polynomials in the creation operators a' k , b' k , 4, an d 

4 acting on the vacuum. It admits a nonnegative grading given by the degree of the 
polynomial. 
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The physical states are the ghost number zero cohomology of the operator 


Qm = I dk[c\a k + a\c k ] (3.4) 

from Eq. (12.511 . In particular Qm preserves the degree of a state. At degree zero the 
only state in the Hilbert space is |0 )m- It is annihilated by both a k and c k and so it 
is Qvrdosed. As Qm preserves the grading, and it annihilates the only degree zero 
state, there can be no degree zero states in its image. Thus |0 )m is not Qjv/-exact 
and, being ghost number zero, it is therefore a physical state. 

An arbitrary state at degree one is 

W) = J dk(a{k)a\ + P(k)b\ + t(*)4+ 7(*04)I°}m- (3.5) 

Acting with the BRST operator Qm on | ij;) one finds 

Qm\^) = -ih J dk((3{k)c\ + 7(fc)4)|0) M - (3.6) 

The Hilbert space generators c[.|0)m and aj)|0)M are seen to be in the image of Q M , 
while no combination of &|.|0 )m and c|.|0 )m is in its kernel. Thus the BRST cohomol¬ 
ogy at degree one is 

Ker(Q M ) = / dk(a{k)a} k + 70)4)I°)m = () ,g 7) 

Im (Qm) f dk(a(k)a k + 'y(k)cl) |0) M 

where 0 denotes the trivial group, which consists of only one element. In other 
words there are no physical states at degree one. Generalizing the above argument 
to arbitrary polynomials is straightforward and one finds that there are no physical 
states at any higher degree. 

Instead of using a Fourier decomposition of states one could have used the holo- 
morphic (1, 2) basis. As the generators satisfy two commuting copies of the same 
algebra (13.2[) . one would find the same BRST cohomology. The fact that the destruc¬ 
tion operator in the Fourier basis may be decomposed into only destruction operators 
in the (1,2) basis implies that the lone physical state, the vacuum, is the same in 
both quantization schemes. This is because the definition of the vacuum (13.31) may 
be rewritten, using this decomposition, as the definition of the (1, 2) basis vacuum. 
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3.2 The Minkowski Vacuum as Seen by A Rindler Observer 

The above argument may also be used on the right (left) Rindler wedge using the 
operator Qr (Ql) instead of Qm and one would find a unique state, the Rindler 
vacuum |0 )r (|0)l) defined by 

= f£|0>« = c«| 0 )„ = = 0 . (3.8) 

This state is a wavefnnction on a spatial slice of the Rindler wedge, not on a Cauchy 
surface like the descendants of |0 )m, and so the vacua do not inhabit the same Hilbert 
space. 

However one may construct a Cauchy surface in Minkowski space by attaching a 
spatial surface on each Rindler wedge that ends at 77 = 0 to the origin. If we ignore the 
fact that neither Rindler surface contains the origin, this implies that the Minkowski 
Hilbert space is the tensor product of the left and right Rindler Hilbert spaces. As 
the operators in the (L, R ) basis correspond to decompositions with support in only 
one wedge, the tensor product with the other wedge will not change their action. For 
example 

4 100> = |00> = a L k |00> = b L k |00> = 0, |00> = |0) L ® \0) R (3.9) 

and similarly the ghost annihilation operators destroy the tensor product vacuum. 

This does not imply that the (1,2) basis annihilation operators destroy the tensor 
product vacuum. I 11 fact they do not, as in Eq. (12.12ft we saw that they contain (L, R ) 
destruction operators which kill the vacuum, plus (L, R) creation operators that are 
linearly independent and do not kill it. Thus the tensor vacuum is not the same 
element of the Hilbert space as the Minkowski vacuum, instead it is a squeezed state 

| 0 ) M = exp[ J dke-^{d[ ] a k ] + a k ] df + c^cf - c^cf)]| 00 ) (3.10) 

where we have fixed the arbitrary relative normalization and d k = a k /2 — b k are the 
modes of the unphysical photon (A — AQ/ 2 . Notice that both sides of (13.101) are 
annihilated by the (1, 2) basis destruction operators. The exponent is ghost number 
zero and so both |0 )m and 100 ) are ghost number zero. 100 ) is annihilated by Ql and 
Qn separately and so it is annihilated by the sum, which is a choice of Minkowski 
BRST operator. |0 )m we have argued is also annihilated by any Minkowski BRST 
operator. As, up to normalization, there is only one element in the Minkowski BRST 
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cohomology we conclude that 100) and |0 )m are two representatives of the same BRST 
cohomology class. In fact a short calculation shows that they indeed differ by a BRST 
exact state 

|0 ) M ~ |00> = (Q l + Qr) f dke~^(c[ ] d^ ] - d^c^)- --100) (3.11) 

J / 

where r/ is the exponent in Eq. (13.101) . Note that while r] is not invertible, the 77 in 
the denominator of (13.111) is canceled a factor of r] in the numerator. Thus we may 
represent the Minkowski vacuum by either 100) or |0 )m, the difference corresponding 
roughly to a Minkowski gauge choice. As we are looking for trouble, we will consider 
|0)m- 

To avoid writing infinite sums, we will pick out two particular terms on the right 
hand side that we will follow 


100) ~e™ /a b L k ] bf 100). (3.12) 

It will be important that fyt^f^lOO) is the only term in the sum that consists of a left 
state tensored with 6 ^ 10 )#- 

Now we come to the crucial question. We know that QED is consistent in 
Minkowski space, and so |0 )m is a very good physical state. We will consider the 
universe in this state. We want to know what state an eternally rightwards accel¬ 
erating observer will see. Of course no such observer can really exist, so it is an 
abstract question and there is no convincing argument that it should have an answer. 
However we know that in general relativity this observer has a horizon, and if he is 
trying to define a state on the surface t — rj — 0 then he will only have access to 
the state in the right Rindler wedge x > 0. That is, if we decompose the state as a 
sum of tensor products of left and right Rindler states, then he will only be able to 
measure the right parts. In particular he will not know how the left parts are corre¬ 
lated, and so instead of seeing a pure state, one may conclude that he only has access 
to enough information to construct a density matrix. The density matrix obtained 
from a Minkowski state by forgetting about the left components is the trace of the 
Minkowski state over the left Hilbert space. 

This motivates the most naive possible definition of the state observed by our 
accelerating observer as the density matrix obtained by a left trace of |0 )m- The 
trace is a linear operation, and so we may perform it term by term. For example 
the trace of the 1 00 ) term gives the right vacuum | 0 )/j. As 1 00 ) is the only term on 
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the right side of (I3.10p that is the product of a left state with |0 )r, this will be the 
only contribution to the density matrix term |0 )rj?( 0|. We may add the trace of the 
6W|00> term from Eq. (13.121) . to obtain 

1V L (|00) - e-?^'|00))((00|-e-”(00|6K) = |0) RR <0| - e-^&f |0) RR (0|f£ 

(3.13) 

where the minus sign on the right hand side comes from the wrong sign temporal 
photon commutation relation 

L (0\b L k b L J\0) L = zh5(k-k'). (3.14) 

Notice that if we had instead chosen 100) as onr vacuum representative we would have 
found that the trace is just |0)ij. 

The trace of interest, Tri|0)MM(0|, will consist of the two terms in Eq. (13.131) plus 
other linearly independent terms. The other terms are linearly independent because 
the decomposition (13.1011 does not contain any other states that are the tensor of a 
left state times either the right vacuum or a single right temporal photon. Thus there 
will be no other terms that will cancel the pathologies of the trace in Eq. (13.131) . 
In particular the trace will not be a density matrix, as it contains terms, such as 
with negative eigenvalues. This ruins the probabilistic interpretation 
of the density matrix. In addition the terms with negative eigenvalues are negative 
norm states, which conflicts with the principle that we have hypothesized in the 
introduction. Only one element of the density matrix, |0 )rr( 0|, is the physical Rinder 
state as measured by Qr. Thus the physical state condition is not compatible with the 
trace operation in the sense that the trace of a given representative of an M-physical 
state is not always i?-physical. 

Notice that the ghosts do not help matters as they are uncorrelated with the 
temporal photon. In fact, in some elements of the density matrix, such as the second 
in (13.1311 . they are not excited and so cannot cancel the temporal photon’s deviant 
behavior element by element in the matrix. The cancellation would need to be clement 
by element as a single measurement places one in a pure state corresponding to 
any element in the diagonal density matrix, and there is a positive probability for 
measurements leading to unphysical states such as, for example, any even number of 
temporal photon excitations. 

This incompatibility should not come as a surprise. The state |0 )m is physical 
because the integral of the BRST charge density p over the entire x axis kills it, that 
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is, it carries no net BRST charge. However p does not kill it locally. On the contrary, 
Ql and Qr are integrals of BRST charges over half of space and when expressed in 
the (1,2) basis by inserting (12.121) into (12.13ji they contain terms of the form a^a 2 \ 
which do not annihilate |0 )m- Thus while an inertial observer in |0 )m observes a 
universe with no net BRST charge, there is BRST charge density everywhere and an 
observer with access to only part of the universe will see a net charge. 

3.3 Is This Pathology Observable? 

We have argued that tracing the Minkowski vacuum in all gauges but one leads to 
a density matrix with negative-normed states, which violates our hypothesis that 
physical states should have a positive norm. This leaves us with two possibilities, 
either the theory is unphysical, or else the hypothesis is too strong to be a constraint 
on the set of physical theories. As an example of the second possibility, it may be 
that the Rindler observer cannot detect the unphysical modes in the density matrix, 
as one would expect since the two Minkowski vacua are gauge equivalent. 

In support of this second possibility, expectation values computed using the phys¬ 
ical density matrix, that obtained by tracing the tensor product vacuum, in fact agree 
with those calculated using an unphysical density matrix. For example, the contri¬ 
butions of ghosts and longitudinal photons to the energy cancel each other. The 
problem arises when the Rindler observer attempts to measure in which element of 
the density matrix he lies, for example, if he attempts to measure the number of tem¬ 
poral photons. One may object that such an experiment may not be performed in a 
gauge-invariant fashion. But this is precisely the point, by measuring the number of 
temporal photons the observer may gain information about the choice of gauge and 
so violate gauge invariance. 

The expected number of temporal photons, which one finds by calculating the 
number of temporal photons in each density matrix element and then averaging by 
the respective eigenvalue, is zero. Thus no information about the gauge is contained 
in this expectation value. This does not imply however that the number of temporal 
photons measured by an observer will be zero. On the contrary such a measurement 
collapses the density matrix of the mixed state to a smaller density matrix containing 
only those states for which the temporal photon number is equal to the measured 
value. Likewise by measuring the number operator of all of the fields, the observer 


16 






collapses the mixed state to a pure state. 

One may hope that in this pure state the contributions of the unphysical and 
gauge degrees of freedom will cancel. However they do not in general cancel as the 
excitation numbers of the various fields are thermal and uncorrelated. Thus the final 
pure state, which corresponds to a generic matrix element in the original mixed state, 
will contain different numbers of the various unphysical excitations. For example, 
there is one possible final pure state which contains just a temporal photon and 
neither ghosts nor longitudinal photons. Thus for this final pure state there is no 
hope that, for example, the energy of the temporal photon will be canceled by other 
unphysical degrees of freedom. 

In conclusion, expectation values computed using gauge-equivalent density matri¬ 
ces are equal because the contributions of the unphysical degrees of freedom cancel 
each other as usual. However, through measurements the observer can reduce the 
density matrix to a pure state, and the configurations of the various unphysical fields 
in the pure state are uncorrelated. Thus in general these cancellations do not apply 
to the final pure state. This leaves a number of possible resolutions. One may choose 
to either accept the unphysical degrees degrees of freedom in the final pure state as 
physical. One may reject the probabilistic interpretations of these density matrices, 
which after all have negative eigenvalues. One may conclude that number operators of 
the various fields are not observable. Or, finally, one may reject the classical analysis 
of Rindler space that was used above, as will be the subject of the following section. 

4 A World With No Horizons 

What has this exercise taught us about the consistency of quantum gravity theo¬ 
ries? Perhaps it was a just a long derivation of the technical point that we need to 
choose our gauge correctly if we want to use the trace prescription to find the state 
observed by an observer with access to only part of the spacetime. In the present 
example this corresponds to imposing two physical state conditions 

QW) = QlW) = o (4.1) 

which are both satisfied only by the tensor product representative of the vacuum 100). 

However if we want to understand how various principles restrict the set of possible 
quantum gravity theories, then there are applications to two conjectured principles. 
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First, if one conjectures a positive definite Hilbert space for each observer, including 
the Rindler observer, then there is either a restriction on the set of allowed gauges 
or else the trace is not allowed. If there is a restriction on the allowed gauges then it 
would be interesting to find the obstruction to the existence of a gauge in which the 
trace which respect to any subsector is physical. For example the obstruction could 
be an element of the BRST cohomology at positive ghost number in which case such 
a gauge would always exist when the theory is anomaly free, but it could also be that 
the vanishing of this obstruction places a new restriction on quantum gravity theories. 
If instead the trace is not allowed, we define a horizon in the quantum theory as a 
slice beyond which an observer needs to trace out the state, and so there would be 
no horizon in this quantum mechanical sense. 

Second, one may conjecture the principle that the Minkowski gauge transforma¬ 
tions and in particular the addition of a Minkowski BRST exact state do not affect 
the positivity of the Hilbert space of any observer. In this case one is left with the 
second solution, that there can be no horizon in the quantum theory. 

Again we will degenerate into shameless speculation. 

So what does it mean for there to be no horizons in the quantum theory? We know 
that the Rindler observer in classical general relativity does have a horizon. Thus it 
means intuitively that in quantum gravity theories somehow quantum processes allow 
him to probe the other side of the horizon, in contrast with the usual situation in 
which cross-horizon correlators fall off exponentially. It is a common occurrence these 
days that pathologies in general relativity are cured in the quantum theory. Not only 
can singularities be removed, but Gimon and Horava have even shown that in string 
theory a generalized supertube may invalidate a classical solution near the boundary 
between a region with and without closed timelike curves and so effectively cut out 
the undesirable other side of the wall |2Sj. In a string theory context the replacement 
of the horizon and its interior by a membrane is an old idea. 

The simplest mechanism for horizon elimination is a quantum correction to Ein¬ 
stein’s equation which modifies the solutions such that the horizon goes away. The 
physical effect of such a correction could be analogous to Mathur’s solutions in the 
D1-D5 system, in which the singularity inside of a black hole is smeared so that the 
characteristic distance is of the same order as the Schwarzschild radius. In these 
solutions there is not enough matter inside of any sphere for that sphere to be a 
Schwarzschild radius, and so there is no horizon. While this derivation used the de- 
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grees of freedom of the worldvolumes of the D1 and D5-branes themselves (well, their 
U-duals), it may be that the same solution could arise from spacetime equations of 
motion with h corrections that come from, for example, the effective action. 

What kind of corrections may eliminate horizons? Horizons occur when goo/gkk = 
0 for any k. Notice that this condition is not Lorentz-invariant, but there are several 
kinds of terms that may create such a restriction. One may use the curvature of a 
spatial slice and its second fundamental form, and also one may use the determinant 
of the spatial part of the metric in the Hamiltonian, as the Hamiltonian already 
contains a hidden factor of goo- The latter term has the correct dimensions once 
one adds some factors of the Planck length, and it may be interpreted as a kind 
of Planck cube density. It may, unfortunately, allow for Kasner-like solutions with 
horizons. It does not appear, however, that the usual Lorentz-invariant polynomials 
in derivatives of R that appear as counterterms to the Einstein-Hilbert action can 
eliminate horizons. 

A spatial Planck cube density is neither Lorentz-invariant nor generally covariant. 
However it is not such a novel quantity. Being a number, the entropy of a black hole 
is absolutely invariant in the quantum theory and yet in the absence of derivative 
corrections to the action it is a Planck area. 

The lack of Lorentz-invariance and general covariance in horizon-killing terms 
does not exclude them. After all the universe is not Lorentz-invariant, the microwave 
background picks out a frame and even exerts a pressure on all matter (although more 
so on electrically charged matter) driving it to an Aristotelian rest with respect to its 
frame. This is the frame of the last scattering surface, and so presumably the frame of 
the big bang. Thus Lorentz-invariance in quantum gravity is at best a spontaneously 
broken symmetry, and so one expects the dynamical generation of Lorentz-dependent 
counterterms. 

4.1 Neutron Stars and Inflation 

We will stress that while the elimination of horizons is a possibility which may be the 
consequence of a hypothesized principle, we have presented no evidence that either 
this possibility or this principle is realizedE It is more likely that the principle or 

3 Indeed the goal of the program is not to derive a principle, we claim that there are consistent 
quantum gravity theories that obey it and possibly also those that do not, but rather to understand 
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the formalism used is incorrect or inapplicable. However the test of any principle is 
experiment. If in our world, like in Mathur’s, there are sufficiently large quantum 
corrections to quantum gravity to smear the singularity of a black hole to its very 
microscopic Schwarzschild radius, then S. Winitzki has pointed out that the same 
effect is likely to make a large difference, of order 10 percent, in the radius of a 
typical neutron star. Models of neutron stars are improving, and it may not be long 
before such a discrepancy is observable. 

One may also hope that the Mathurian smearing cures UV divergences. For 
example, a photon whose energy is between the Planck scale and the Landau pole 
would be diffuse, and so its effective coupling constant may be lower than a naive 
renormalization group argument would predict. This opens the possibility that the 
Landau pole is removed by a similar mechanism to the cancellation of UV divergences 
in string theory, even in the absence of a GUT unification of the gauge symmetries. 

The elimination of horizons would solve the horizon problem, thus eliminating one 
motivation for inflation. Another motivation for inflation, the scale invariant curva¬ 
ture fluctuations, may be explained by various noninflationary cosmological scenarios, 
such as |26j . The monopole formation problem appears to rely on the Higgs sector, 
which has never been measured. In addition inflation solves the flatness problem, 
although the Einstein-Hilbert action dynamically generates irrelevant polynomials in 
the curvature which at early times (the UV) were very large and may have been 
extremized by a flat universe. Thus one may hope that the above horizonless sce¬ 
nario compliments the scenario in Ref. [26| in the beginnings of the realization of an 
inflation-free cosmology. 
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